Aamir et al., Journal of Natural and Applied Sciences Pakistan, Vol 3 (1), 2021 pp 566-589

Contents lists available http://www.kinnaird.edu.pk/

JOURNAL OF KATURAL & APPLIED
SCIENCES PAKISTAN

Biannual lournal

Journal of Natural and Applied Sciences Pakistan

Journal homepage: http://jnasp.kinnaird.edu.pk/ ]

g

HOSOYA POLYNOMIAL, WIENER INDEX AND HYPER WIENER INDEX OF SOME
FAMILIES OF GRAPHS OF DIAMETER 3

Fatima Aamir®", Dr. Imrana Kousar®, Dr. Saima Nazeer *
!Department of Mathematics, Lahore College for Women University, Jail Road, Lahore, Pakistan

Article Info Abstract

*Corresponding Author Let G be a simple connected graph having vertex set V(G) and

Email: fatimaaamirch_2@hotmail.com edge set E(G). The Hosoya polynomial of G is H(G,x) =
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1. Introduction distance in a graph. The polynomial was

Let G be a connected graph, the vertex set
and edge set of G is denoted by V(G) and
E(G) respectively. The distance d(u,v)
between u and v is the length of the smallest
path, where wu,v €V(G). The maximum
distance between the two vertices of a graph G is
called the diameter of G and is denoted by d(G).
The degree of a vertex u € V(G) is the number
of vertices joined to u or the number of edges
incident with u and is denoted by d,. The
Hosoya polynomial of a graph G is a generating

function that indicates about the distribution of

introduced by a Japanese chemist Haruo Hosoya
in 1988. Haruo Hosoya discovered a new
formula for the Wiener Index in terms of graph
distance and therefore this polynomial is known
by the name of its discoverer. The Hosoya
polynomial of a connected graph G is defined as
(Hosoya, 1988):

H(G,x)=% Z V(G) V(G) d(u,v)

vEeV(G) u€ev(G)

The Hosoya polynomial of various chemical
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structures has been determined (Ali & Ali, 2011,
Farahani, 2013 and Sadeghieh et al., 2017).
Moreover, the Hosoya polynomial of some
graph families have been examined (Farahani,
2015, Farahani, 2015, Narayankar et al., 2012).
Also, the Hosoya polynomial of families of
graphs has been studied (Stevanovic, 2001,
Stevanovic & Gutman, 1999 and Wang et al.,
2016). The Wiener Index (Rezai et al., 2017) of
a graph can be calculated by using the Hosoya
polynomial. It is formulated as follows:

OH (G, x)

The hyper Wiener Index (Rezai et al., 2017) of a
graph can be calculated by using the Hosoya

polynomial. It is formulated as follows:
, 1,
WW(G) = H'(G,2)|x=1 + 5 H (G, ) |x=1

where the former and later are the first and
second derivatives of the Hosoya polynomial at

x=1.

1.1 Definition:

The graph (Sweetly & Joseph, 2007) Bistar
B(n,m) is obtained by joining the centers of
Ky nand Ky .

1.2 Definition:

The graph (Sweetly & Joseph, 2007) G(K)) is
obtained by joining n vertices to a single vertex
of G.

1.3 Definition:

The graph (Sweetly & Joseph, 2007) G o K is

obtained by joining n vertices to each vertex of

G.

1.4 Definition:

The graph (Sweetly & Joseph, 2007) G(K3) is
obtained by joining n triangles to a single vertex
of G.

1.5 Definition:

A planar graph (Sweetly & Joseph, 2007) whose
edge set E can be decomposed into two disjoint
subsets T and C, E=TUC, TnC = @, where
the subgraph of G(2,n) initiated by T is a tree
with one vertex u of degree 2, one vertex v of
degree n, u and v being adjacent and the rest of
the 2+ n — 2 =n vertices of degree one and
the subgraph generated by C is a cycle of length
2+n—2 passing through all vertices of
G(2,n) except u and v, is an exceptional Halin
graph. The graph consists of n + 2 vertices and
2n + 1 edges, Vn = 6.

1.6 Definition:

The Book graph (Murugan, 2015) is the
Cartesian product of the complete bipartite
graph K; ,, (vn = 1) and the complete graph K.
1.7 Definition:

The Diamond graph (Ahmad & Ghemeci, 2017)
is obtained by taking the Cartesian product of
the path graphs P, and B, (Vn > 3), then adding
one vertex at the top i.e. v and one vertex at the
bottom i.e. w and joining each vertex
{x;,y;i:1 <i<n}withvandw.

2. Materials and Methods

A simple calculation for finding out the Hosoya
polynomial, Wiener Index and hyper Wiener

Index will be put forward in order to understand
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these.

3. Results

In this section, we determine the Hosoya
polynomial, Wiener Index and hyper Wiener
Index of some families of graphs of Diameter 3.
Theorem 3.1: The Hosoya polynomial of the
Bistar graph B(n,m), for all integer numbers

n,mz=2is

HBMmm),x) =m+m+ 1x

n+m?+n+m
2

2

X
+ nmx3
The Wiener Index of the family of Bistar graph
iS
W(B(n,m)) =n?+m?+ 2n + 2m + 3nm

+1

The hyper Wiener Index of the respective family

is
WW(B( ))_3n2+3m2+5n+5m
W)= Ty T T
+6nm+1
Proof:

Let G = B(n,m) be a graph vn,m =2 with
n 4+ m+ 2 vertices. First, we will partition the
vertices according to their degrees respectively.
There are n + m vertices of degree 1, 1 vertex of
degree n + 1 and 1 vertex of degree m + 1. The

vertex set V(B(n,m)) is as follows

V,=wev@)ld,=1}- v,  (3.1.1)

=n+m

Vo1 ={vev@)|d, =n+1} (3.1.2)

- [Vl =1

Viper = {v €V(G)|d, =m+ 1} (3.1.3)

= [Vl =1

. é.
/) N\
e

Figure 1: B(2,4)

Now we know that,

A
1
EG)| = EZ'VR' x k (3.1.4)
k=6

where A and § are the maximum and minimum

of d,, v € V(G), respectively, thus

E@| =51 x[Vil+"m+1)

N| =

3.15
X Vil + m+1) G

X | Vin1l]
Making substitutions from (3.1.1-3.1.3) in
(3.1.5),

|E(G)| =%[1x(n+m)+(n+1)x1
+(m+1) x1]
[E(G)l=n+m+1 (3.1.6)

Now to compute the Hosoya polynomial of

B(n,m), we will use the definition of the
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Hosoya polynomial from (Hosoya, 1988). Thus,

we have

a(e)

H(G,x)= ) d(G, k)x* (3.1.7)

where d(G,k) is the representation of the
distance d(u,v) =k and 1<k < diam(G).
From the explanation and construction of the
graph B(n,m) we have the following
calculations for d(B(n,m),k) where 1 <k <

d(B(n,m)) for all k.

d(B(n,m),1) = |E(B(n, m))| (3.1.8)
=n+m+1
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [n + m +
1]x.
n?+m?+n+m

d(B(n,m),2) = 5 (3.1.9)

The total number of 2-edges paths between the

n?+m?-n-m

vertices u, v € V; are . There are n,

2-edges paths from V; to V,,,,; and m, 2-edges
paths from V; to V,.;. Hence, the second

sentence of the Hosoya polynomial is

n? +m2+n+m] 2

[n2+m2—n—m
2

> +n+m]x2=[

d(B(n,m),3) =nm (3.1.10)
The total number of 3-edges paths between the
vertices u, v € V;are nm. Thus, the third and last

sentence of the Hosoya polynomial is [nm]x3.

From equations (3.1.8 — 3.1.10), we obtain the

Hosoya polynomial of this family, i.e.

H(B(n,m), x)
=n+m+1x (3.1.11)
n+m?+n+m
2
Taking the first derivative of equation (3.1.11) at

x?% + nmx3

x =1 will provide the Wiener index. Thus,

following in the below manner

W(BMmm)=mn+m+1)
+ (%2 +m? +n+mx|y—

+ 3nmx? |,

WBmnm)=nh+m+1)
+M?+m?+n+m)+3nm
W(B(n,m)) =n?+m?+2n+2m
(3.1.12)
+3nm+1
Now, to obtain the hyper Wiener index of this
family, will take first the second derivative of
the Hosoya polynomial at x = 1.

H'(B(n,m)) = n?>+m?+n+m)

+ 6mmx|,=q

=m?*+m?+n+m)+6nm
H'(B(n,m)) =n?+m?+6nm+n

(3.1.13)

+m
Now, to obtain the final form of the hyper
Wiener index, add the first derivative from
(3.1.12) and half of the second derivative
(3.1.13) of the Hosoya polynomial. Thus, we

have

WW(B(n,m)) =n?+m?+2n+2m+ 3nm
1
+1+§(nz+m2 +6nm +n

+m)
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3n? 3m? 5n
WW(B(n,m)) = T+T+7
(3.1.14)

5m
+ 7 +6nm+1
This completes the proof. For example, for
n=2,m =4, we have the following Hosoya
polynomial, Wiener index and hyper Wiener

index as follows:
H(B(2,4)) = 7x + 13x? + 8x3
W(B(2,4)) =57
WW(2,4) = 94

Theorem 3.2: The Hosoya polynomial of
Ci(KS),¥n = 1is
n®+3n+4

H(Cy(KS),x) = (n+4)x + fxz

+ nx3
The Wiener Index of this family is
W(Cy(KS))=n*+7n+8
The hyper Wiener Index is

. 3n? 23n
WW(C4(K5)) = -t 10

Proof:

By using the definition of G(Ky), one can see
that there are n vertices of degree 1, 3 vertices of
degree 2 and 1 vertex of degree n+ 2.
Therefore, the total number of vertices of this

family are n + 4.

Figure 2: C,(K$)

Proceeding in the same manner as illustrated in
Theorem 3.1, the number of edges obtained are
n+ 4 and now we will determine the Hosoya

polynomial of this graph.

d(G, 1) =|E(G)|=n+4 (3.2.1)
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [n + 4]x.
n?+3n+4

a(6,2) =" (322)

There is 1, 2-edges path from V,,,, to V; and 1,
2-edges path between the vertices u, v € V,. The

total number of 2-edges paths between V; and V,

2_
are 2n. There are "2—" 2-edges paths between

the vertices u,v € V;. Hence, the second

sentence of the Hosoya polynomial is

n?+3n+4

[

dG,3)=n (3.2.3)
The total number of 3-edges paths between the
vertices V;and V,are n. Thus, the third and last

sentence of the Hosoya polynomial is [n]x3.
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Thus, the Hosoya polynomial of this family, i.e.

H(Cy(Kp), x) = (n + 4)x

n>+3n+4
2

+ nx3

X2 (3.24)

According to the steps performed in Theorem
3.1, the following are the Wiener and hyper

Wiener Index of this family,

W(Cu(KS)) =n*+7n+8 (3.2.5)

3n? 23
WW (C,(KS)) = % + Tn +10 (3.26)

This completes the proof. For example, for
n = 4, we have the following calculated Hosoya
polynomial, Wiener and hyper Wiener index:

H(C,(KE),x) = 8x + 16x?% + 4x3
W(Cy(KS)) = 52
WW (C4(K5)) = 80

Theorem 3.3: The Hosoya polynomial of
Cs(KE),vn=1is

n?+3n+10
H(Cs(KS),x) = (n+5)x +fx2

+ 2nx3
The Wiener Index of this family is
W(Cs(KS)) =n?+10n+ 15
The hyper Wiener Index is

. 3n? 35n
WWw(Cs(K5)) = -t 20

Proof:

By means of the definition of G(KJ), one can
see that there are n vertices of degree 1, 4
vertices of degree 2 and 1 vertex of degree n +
2. Hence, there are n + 5 vertices in this whole
family of graphs

‘\\

Figure 3: Cs(K¥)

Continuing in the same way as executed in
Theorem 3.1, the number of edges obtained are
n+5 and now we will establish the Hosoya

polynomial of this graph.

d(G,1) =|E(G)|=n+5 (3.3.1)
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [n + 5]x.
n?+3n+10

d(6,2) = ————— (3.3.2)

There are 2, 2-edges path from V,,,, to V, and 3,
2-edges path between the vertices u, v € V,. The

total number of 2-edges paths between V; and V,

2_
are 2n. There are “—, 2-edges paths between

the wvertices u,v € V;. Hence, the second
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sentence of the Hosoya polynomial is

[n2+32n+10]x2.

d(G,3) =2n (3.3.3)
The total number of 3-edges paths between the
vertices V;and V,are 2n. Thus, the third and last

sentence of the Hosoya polynomial is [2n]x3.
Thus, the Hosoya polynomial of this family, i.e.

H(Cs(Ky),x) = (n + 5)x

n%+3n+10
2

+ 2nx3

X2 (3.34)

According to the steps performed in Theorem
3.1, the following are the Wiener and hyper
Wiener Index of this family,

W(Cs(KS)) = n®+10n + 15 (3.3.5)

3n? 35n
Ww (Cs(K5)) = —t 20 (3.3.6)

This completes the proof. For example, for
n = 4, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(Cs(Kf),x) = 10x + 25x% + 10x3
W (Cs(K§)) =90
WW (Cs(Kf)) = 145

Theorem 3.4: The Hosoya polynomial of

K, © KS, vmn > 3is

. 2nm+m? —m
H(Km ° Knyx)z 2 X

m(2mn —3n+n?)
x

The Wiener Index is

c 3n“m ) n‘m m
m 2
) nm
The hyper Wiener Index is
WW (K, o Ky)
3n’m

= 3n?m? + 3m?n —
2 m 7nm

+2 2 2

Proof:

By making use of the definition of G o K, one
can see that there are nm vertices of degree 1
and m vertices of degree n + m — 1. Hence, the
total number of vertices of this family are
m(n+1).

Figure 4: K5 o K§

nm+m?-m

The number of edges are 2 , according

to the steps performed in Theorem 3.1. Now, we
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will examine the Hosoya polynomial of this

family.

2 _
d(G,1)=|E(G)|=2nm+2m ™ (34.0)

The total number of 1-edges paths are equal to
the total number of edges. Thus, the first

sentence of the Hosoya polynomial is

2nm+m?-m
f X.

m(2mn — 3n + n?)
2
There are nm(m—1), 2-edges path from

d(G,2) = (3.4.2)

Vism-1 10 Vy and > (n? —n), 2-edges path
between the vertices u,v € V,. Hence, the

second sentence of the Hosoya polynomial is

m(nz—n)] ¥2 =

[nm(m -1+ 5

m(2mn-3n+n?)
[f]xz.

2-m
2

The total number of 3-edges paths between the

dG,3) =2 M2 (3.4.3)

m?-m
2

and last sentence of the Hosoya polynomial is

vertices u, v € Vjare n2. Thus, the third

2_
= . " n?)x3.

Thus, the Hosoya polynomial of this family, i.e.

H(Kp, o K7, x)

_2nm+m2—m

> x
m(2mn —3n+n?) (3.4.4)
> x
m?—m
+ n2x3

According to the steps performed in Theorem
3.1, the following are the Wiener and hyper
Wiener Index of this family,

2m2

3n
W(K,, o K¢) = + 2m?®n
n’m N m? m  (3.4.5)
2 2 2
—2nm

WW (K, © KE)

= 3n?m? + 3m?n

3n’m m?
2 2
7nm

2
This completes the proof. For example, for

m . (3.4.6)
2

n = 3, m = 4, we have the following calculated
Hosoya polynomial, Wiener and hyper Wiener

index:
H(K; o K, x) = 15x + 42x? + 48x3
W(K; o K§) =243
WW (K3 o K§) =429

Theorem 3.5: The Hosoya polynomial of
G = C4(K3) obtained by taking n copies of K3

attached at a single vertex of C,, Vn = 1 is

H(C4(K3),x) = Bn+ 4)x + 2(n? + n + 1)x?
+ 2nx3

The Wiener Index is

W(Cy(Ks)) = 4n% +13n + 8
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The hyper Wiener Index is
WW(Cy(K3)) = 6n? + 21n + 10

Proof:

By means of the definition of this specific
family of graphs, we can see that there are
2n + 3 vertices of degree 2 and 1 vertex of
degree 2n + 2. Hence, the total number of

vertices that accompany this family are 2n + 4.

o,

.,
“‘H.q___l_

Figure 5.
C4_(K3),n ES 2
The number of edges are 3n + 4. Now, we will

determine the Hosoya polynomial of this family.

d(G,1) = |E(G)|=3n+4 (3.5.1)
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [3n +
4]x.

d(G,2) =2n®+n+1) (35.2)
There is 1, 2-edges path from V, to V,,,, and
n? + 2n + 1, 2-edges path between the vertices
u,v € V,. Hence, the second sentence of the

Hosoya polynomial is 2[n? + n + 1]x2.

d(G,3) =2n (3.5.3)
The total number of 3-edges paths between the
vertices u, v € V,are 2n. Thus, the third and last

sentence of the Hosoya polynomial is [2n]x3.
Thus, the Hosoya polynomial of this family, i.e.

H(C4(K3),x) = 3n+4)x (3.5.4)
+2(n? + n+ 1)x?
+ 2nx3
According to the steps performed in Theorem
3.1, the following are the Wiener and hyper
Wiener Index of this family,

W(Cy(K3)) = 4n? +13n + 8 (3.5.5)
WW(Cy(K3)) = 6n? +21n+10  (3.5.6)
This completes the proof. For example, for
n = 2, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(C4(K3),x) = 10x + 14x? + 8x3
W(C,(K3)) =50
WW (Cy(K3)) = 76

Theorem 3.6: The Hosoya polynomial of
G = Cy(Ky),Vn =3 is

n>—n+8
2
- 1)x3

1(Ca(Kyp), x) = x + 2nx? + (n

The Wiener Index is

n®+13n+2

W(C4-(Kn)) = 2
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The hyper Wiener Index is

n®+23n—4

WW (Cy(kn)) = ——

Proof:

The graph G = C,(K,,) is obtained by attaching
a single copy of the complete graph K,, with one
vertex of C,. We can see that there are 3 vertices
of degree 2, n — 1 vertices of degree n — 1 and
1 vertex of degree n + 1. Hence, we get a total

of n + 3 vertices.

Figure 6: C,(K5)

Z-n+s
The number of edges are “—

. Now, we will

examine the Hosoya polynomial of this family.

2 _
d(G,1) = |E(G)| = ”T”J’S (3.6.1)

The total number of 1-edges paths are equal to
the total number of edges. Thus, the first

sentence of the Hosoya polynomial is
[nz—n+8]
—2 X.

d(G,2) = 2n (3.6.2)
There is 1, 2-edges path between the vertices
u,v €V, and 1, 2-edges path from V,,, to V,.
The total number of 2-edges paths from V, to
V,_1 are 2n — 2. Hence, the second sentence of

the Hosoya polynomial is [2n]x2.

d(G,3)=n—-1 (3.6.3)
The total number of 3-edges paths from the
vertices V, to V,,_, are n— 1. Thus, the third
and last sentence of the Hosoya polynomial is
[n —1]x3.

Thus, the Hosoya polynomial of this family is,

n?—n+8 5
———x + 2nx
2 (3.6.4)

+ (n—1x3

The following are the Wiener and hyper Wiener

H(C4(Ky), x) =

Index of this family determined after following

the steps illustrated in Theorem 3.1.

2
W(C,(Ky)) = w (3.6.5)
2 _
WW(Co(Ky)) = % (3.6.6)

This completes the proof. For example, for
n = 5, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(C,(Ks),x) = 14x + 20x2 + 12x3
W(Cy(Ks)) = 46

WW(C4(Ks)) = 68

Theorem 3.7: The Hosoya polynomial of
G = C5(K,),¥n = 3is

2-n+10
2

+ (2n —2)x3

n
H(Cs(Ky),x) = x+ (2n + 3)x?
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The Wiener Index is

n?+19n+ 10

W(CS (Kn)) = 2

The hyper Wiener Index is

n®+35n+4

WW (Cs (k) = ——

Proof:

The graph G = C5(K,,) is obtained by attaching
a single copy of the complete graph K,, with one
vertex of Cs. There are 4 vertices of degree 2,
n — 1 vertices of degree n — 1 and 1 vertex of
degree n + 1.

\k/ 9/’

Figure 7: C5(K,)

- 2-n+10
There are n+ 4 vertices and edges ————.

Now, we will examine the Hosoya polynomial
of this family.

2 _
(G, 1) = |E(G)] = "z—“o (3.7.1)

The total number of 1-edges paths are equal to
the total number of edges. Thus, the first

sentence of the Hosoya polynomial is

[nz—n+10]
2

d(G,2) = 2n + 3 (3.7.2)

There are 3, 2-edges path between the vertices
u,v €V, and 2, 2-edges path between the
vertices of V,,., and V,. The total number of 2-
edges paths from V, to V,,_,; are 2n — 2. Hence,
the second sentence of the Hosoya polynomial is
[2n + 3]x2.

d(G,3) =2n -2 (3.7.3)
The total number of 3-edges paths from the
vertices V, to V,,_, are 2n — 2. Thus, the third
and last sentence of the Hosoya polynomial is
[2n — 2]x3.

Thus, the Hosoya polynomial of this family is,

H(Cs(Ky), x) =

+3)x% + (2n—2)x3
According to the steps performed in Theorem
3.1, the following are the Wiener and hyper

Wiener Index of this family,

n?+19n + 10

W(Cs(Ky)) = — (3.7.5)
n? +35n+4

WW(Cs(K,)) = — (3.7.6)

This completes the proof. For example, for
n = 4, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(Cs(Ky),x) = 11x + 11x2 + 6x3
w(Cs(K,)) =51
WW(Cs(K,)) = 80

Theorem 3.8: The Hosoya polynomial of

G = C4(K3) + e,¥Yn =1 where e represents an
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extra edge between the two vertices of C, and is
obtained by taking n copies of K5 attached to a

single vertex of C, is

H(C4(K3) + e, x)
= (Bn+5)x + (2n?+2n
+ 1)x? + 2nx3

The Wiener Index is
W(Cy(K3) +e)=4n’>+13n+7
The hyper Wiener Index is
WW (C,(K3) + e) = 6n2 +21n+8

Proof:

The construction of this family is similar to
C,(K3) and we have only added an extra edge
between the two vertices of C, to obtain this
family of graphs. We can see that there are
2n + 1 vertices of degree 2, 2 vertices of degree
3 and 1 vertex of degree n + 2. Hence, we get a

total of 2n + 4 vertices.

'/;Ziﬁ

\

{: =
N4

Figure 8: C4(K3) +e,n=3

Now, we will examine the Hosoya polynomial

of this family.

d(G,1) =|E(G)|=3n+5 (3.8.1)
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [3n +
5]x.

d(G,2)=2n*+2n+1 (3.8.2)
There are 2n? — 2n, 2-edges path between the
vertices u, v € V,. The total number of 2-edges
paths from V,,,,, to V, are 1. Also, there are 4n,
2-edges paths from V5 to V,. Hence, the second
sentence of the Hosoya polynomial is [2n? +

2n + 1]x2

d(G,3) =2n (3.8.3)
The total number of 3-edges paths from the
vertices u, v € V, to are 2n . Thus, the third and
last sentence of the Hosoya polynomial is
[2n]x3.

Hence, the Hosoya polynomial is

H(C,4(K3) +e,x) (3.8.4)
= (3n + 5)x + (2n?
+2n+ Dx? + 2nx3

The following are the Wiener and hyper Wiener

Index of this family,

W(Cy(K3) +e)=4n?+13n+7 (3.8.5)
WW(Cy(K3) +e) =6n?+21n+8 (3.8.6)
This completes the proof. For example, for
n = 3, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(C4(K3) + e,x) = 14x + 25x2% + 6x3

W(C,(Ks3) + ) = 82

577



Aamir et al., Journal of Natural and Applied Sciences Pakistan, Vol 3 (1), 2021 pp 566-589

WW (C,(K3) + €) = 125

Theorem 3.9: The Hosoya polynomial of
G = [14(K,) + e, Vn = 3 where e represents an
extra edge between the two vertices of C, and is
obtained by attaching a single copy of K,
attached to a single vertex of Cy is

H(C4(K;) +e,x)

n?—n+10
= x+ (2n — 1)x?
+ (n—1)x3

The Wiener Index is

12+ 13n
W(Cy(Ky) +e) =————
The hyper Wiener Index is
n?+23n-8
WW(Cy(Ky) +e) = —

Proof:

The construction of this family is similar to
C,(Ky,) and we have only added an extra edge
between the two vertices of C, to obtain this
family of graphs. We can see that there is 1
vertex of degree 2, 2 vertices of degree 3, n — 1
vertices of degree n — 1 and 1 vertex of degree

n + 1. Hence, we get a total of n + 3 vertices.

Figure 9: C,(K3)

Now, we will examine the Hosoya polynomial
of this family.

2 _
d(G,1) = |E(G)] = %er (3.9.1)

The total number of 1-edges paths are equal to
the total number of edges. Thus, the first

sentence of the Hosoya polynomial is

n?-n+10
=

d(G,2)=2n—-1 (3.9.2)
The total number of 2-edges paths from V35 to
V-1 are 2n — 2. Also, there is 1, 2-edges paths
from V,,,, to V,. Hence, the second sentence of

the Hosoya polynomial is [2n — 1]x2.

dG,3)=n—-1 (3.9.3)
The number of 3-edges paths between the
vertices V, and V,,_; to are n—1. Thus, the
third and last sentence of the Hosoya polynomial

is [n — 1]x3.

Thus, the calculated Hosoya polynomial of this

family is

H(Cy(Kn) +e,x)
n’—-n+10
=—FX
2 (3.9.9)
+@2n—-1Dx%*+ (n
- 1)x3
Below are the determined Wiener and hyper
Wiener Index of this family,

2
W(Cy(K,) +e) = % (3.9.5)

24 23n—8
WW (Cy(K,) + €) = % (3.9.6)
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This completes the proof. For example, for
n = 3, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(C4(K3) + e,x) = 8x + 5x2 + 2x3
W(C4(K3) +e) =24
WW (C,(K3) + e) = 35

Theorem 3.10: The Hosoya polynomial of
G = K,, joined to one copy of K, by an edge,

vn = 3is

H(G,x) = (m?—n+ 1x + (2n — 2)x? + (n?
—2n+ 1«3

The Wiener Index of this respective family is
W(G) = 4n? — 3n
The hyper Wiener Index is
WW(G)=7n?-7n+1

Proof:

As from the explanation of G from the statement
of the theorem, we can see that are 2 vertices of
degree n and 2n — 2 vertices of degree n — 1.

Thus, there are 2n vertices.

//\\ //‘\\
V\\ // \\ /

v 'Y

Figure 10: K, joined to one copy of K,

Now, we will examine the Hosoya polynomial

of this family.

d(G,1)=|E(G)|=n?—-n+1 (3.10.1)
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [n? — n +
1]x.

d(G,2) =2n—2 (3.10.2)
There are 2n — 2, 2-edges paths from 1j, to
V,—1. Hence, the second sentence of the Hosoya

polynomial is [2n — 2]x?.

d(G,3)=n?>-2n+1 (3.10.3)
The total number of 3-edges paths from the
vertices u,v € V,,_, to are n? — 2n+ 1. Thus,
the third and last sentence of the Hosoya

polynomial is [n? — 2n + 1]x3.
The computed Hosoya polynomial is,

H(G,x) = (n®> —n+ 1)x (3.10.4)
+ (2n — 2)x% + (n?
—2n+ 13

Listed below are the Wiener and hyper Wiener

Index of this family,

W(G) = 4n? — 3n (3.10.5)
WW(G)=7n?-7n+1 (3.10.6)

This completes the proof. For example, for
n = 4, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(G,x) = 13x + 6x2 + 9x3

W(G) = 52
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WW (G) = 85

Theorem 3.11: The Hosoya polynomial of
G = K,, joined to two copies of K,, by an edge,

vn = 3is

2

3n
H(G,x) = x+ (2n? —4n + 2)x?

+ (n?-2n+ 1)x3
The Wiener Index of this respective family is

17n? —31n + 14

W(G) = >

The hyper Wiener Index is

27n% —51n + 24
2

WW(G) =

Proof:

As from the details of G in the statement of the
theorem, we can see that are 3n — 4 vertices of
degree n — 1 and 2 vertices of degree 2n — 2.

Thus, there are 3n — 2 vertices.

A

Figure 11: K, joined to two copies of K,

Now, we will work out the Hosoya polynomial

of this family.

2 _
d(G,1) = |E(G)| = w (3.11.1)

The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is

[3n2—3n]
X
2

d(G,2) =2n?—4n+2 (3.11.2)

There are 2n? — 6n + 4, 2-edges paths between

the vertices u,v € V,,_,. There are 2n — 2, 2-
edges paths from V,,_, to V,_;. Hence, the
second sentence of the Hosoya polynomial is
[2n? — 4n + 2]x2.

d(G,3)=n*-2n+1 (3.11.3)
The total number of 3-edges paths from the
vertices u,v € V,,_; to are n? —2n + 1. Thus,
the third and last sentence of the Hosoya

polynomial is [n? — 2n + 1]x3.
Thus, the Hosoya polynomial is

3n% —3n
H(G,x) = Tx
+ (2n? — 4n + 2)x?

+ (n?—2n+1)x3

(3.11.4)

The following are the Wiener and hyper Wiener

Index of this family,

17n% — 31n + 14
W(G) = . (3.11.5)

27n%? = 51n + 24
WW(G) = > (3.11.6)

This completes the proof. For example, for

n = 4, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:

H(G,x) = 18x + 18x? + 9x3
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W(G) = 81
WW(G) = 126

Theorem 3.12: The Hosoya polynomial of
G =K, joined with P; at a single vertex,

vn = 3is

n:—n+4

H(G,x) = >

x+nx?+(n-—1x3

The Wiener Index of this respective family is

n:+9n—2

W) = >

The hyper Wiener Index is

n®+17n—-8

WW(G) = >

Proof:

We have 1 vertex of degree 1, 1 vertex of
degree 2, n — 1 vertices of degree n —1 and 1
vertex of degree n. Thus, there are n+2

vertices.

Figure 12: K joined P; at a single vertex

Now, we will examine the Hosoya polynomial
of this family.

2—n+4

d(G,1) = [E(G)| = = _ (3.12.1)

The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is

n?-n+4
X
2

d(G,2) =n (3.12.2)
Between the vertices of V,,_; and V/;, the number
of 2-edges paths are n — 1. There is 1, 2-edges
paths from V,, to V;. Hence, the second sentence

of the Hosoya polynomial is [n]x?.

d(G,3)=n—-1 (3.12.3)
The total number of 3-edges paths between V,,_,
and V; to are n—1. Thus, the third and last

sentence of the Hosoya polynomial is [n — 1]x3.
The determined Hosoya polynomial is,

n>—n+4 frx? 4 (
2 T T s 104
- 1)x3

According to the steps executed in Theorem 3.1,

H(G,x) =

the following are the Wiener and hyper Wiener

Index of this family,

n>+9In—-2
W(G):—
2
n>+17n—8
WW(6) = ————

This completes the proof. For example, for
n = 5, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(G,x) = 12x + 5x% + 4x3
W(G) = 34
WW(G) = 51
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Theorem 3.13: The Hosoya polynomial of the
graph G obtained by attaching a pendant vertex

of Ky, Ym = 2 with a vertex of K,,,Vn > 3 is

n®—n+2m

H(G,x) fo
m?—m+2n—2 ,
x
2
+(m-1)(n-1)x3

The Wiener Index is

2

n ) 3n
W(G):7+m —7—3m+3mn+1

The hyper Wiener Index is

WW(G)

_n2+3m2—7n—13m+12nm+6
B 2

Proof:

This family of graph have m — 1 vertices of
degree 1, 1 vertex of degree m, n — 1 vertices of
degree n —1 and 1 vertex of degree n. Thus,

there are total m + n vertices.

/\ / .
/ \ b
/
o = 1
Figure 13. A pendant vertex of K, 3 attached

with a vertex of K;

Now, we will calculate the Hosoya polynomial
of this family.
2—n+2m

d(G,1) = |E(G)| = "f (3.13.1)

The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is

n?-n+2m
X.
2

2 _ _
iG,2) == m; 2n—2 (3132

There are n — 1, 2-edges paths from V,,_; to 1},.

The number of 2-edges paths between u, v € V;

2-3m+2 .
are " and between the vertices of ¥}, and

Vi, the number of 2-edges paths are m — 1.
Hence, the second sentence of the Hosoya

polynomial is [%]xz.

d(G,3) =(m—-1)(n—-1) (3.13.3)
The total number of 3-edges paths between V;
and V,,_; toare (m — 1)(n — 1) . Thus, the third
and last sentence of the Hosoya polynomial is
[(m — D)(n— D]x>.

Consequently, the Hosoya polynomial of this

family is,

H(G,x)
_nz—n+2m
B 2
m?—m+2n—-2
2

X
(3.13.4)

x2+(m-1Dn

- 1)x3
So, the following are the Wiener and hyper
Wiener Index of this family,

n? 3n (3.135

W(G)=7+m2—7—3m+3mn

+1
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ww(G) (3.13.6
_n*+3m®—7n—13m+12nm + 6 )
B 2

This completes the proof. For example, for

m = 3,n = 3, we have the following calculated
Hosoya polynomial, Wiener and hyper Wiener

index:
H(G,x) = 6x + 5x2 + 4x3
W(G) = 28
WW(G) = 45

Theorem 3.14: The Hosoya polynomial of the
Halin graph G(2,n),vn = 6 is
n?—-3n+10

H(G(2,n),x) = (2n+ x +fx2

+ (n—5)x3
The Wiener Index is
W(G(2,n))=n*+2n—4
The hyper Wiener Index is

3n? +7n—28

ww(G(2,n)) = >

Proof:

From the structure of the Halin graph, one can
make a note that there is 1 vertex of degree 2, n
vertices of degree 3 and 1 vertex of degree n.

Hence, there are total n + 2 vertices.

Figure 14: Halin graph G (2, 6)

We will determine the Hosoya polynomial of

this family.

d(G(2,n),1) = |E(G(2,n))] (3.14.1)
=2n+1
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [2n +
1]x.
n? —3n+ 10

dG@n,)=—7F—— (3142

Between the vertices V; to V,, the number of 2-
edges paths is 1. From V5 to V, there are n — 1

and between the vertices u, v € V3, the number

n?-5n+10

of 2-edges paths are Hence, the

second sentence of the Hosoya polynomial is

[n2—32n+10]x2'

d(G(2,n),3) =n—>5 (3.14.3)
The total number of 3-edges paths between
u,v € V; to are n — 5. Thus, the third and last

sentence of the Hosoya polynomial is [n — 5]x3.

The Hosoya polynomial of this family calculated

is,
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H(G(2,n),x) = (2n+ 1x

2 _
ot 10, (3149
2
+ (n—5)x3

Now, the following are the Wiener and hyper
Wiener Index of this family,

W(G(2,n)) =n*+2n—4 (3.14.5)
2 _
ww(G(2,n)) = w (3.14.6)

This completes the proof. For example, for
n = 6, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(G(2,6),x) = 13x + 14x% + x3
W(G(2,6)) = 44
WW(G(2,6)) = 61

Theorem 3.15: The Hosoya polynomial of the
graph obtained by joining n pendant vertices to
one of the vertex of C; and 1 pendant edge is
subdivided is

n?+3n+2

H(G,x)=n+4)x + >

x2+(n
+ 1)x3
The Wiener Index is
W@G)=n?+7n+7

The hyper Wiener Index is

3n? 4+ 23n+ 22

WW(G) = 2

Proof:

It is clear from the figure of the graph that the
number of vertices of degree 1 are n, 3 vertices
of degree 2 and 1 vertex of degree n + 2. Hence,

there are n + 4 vertices.
N\ %/
RN
AN

Figure 15: 4 pendant vertices are joined to one

vertex of C; and one pendant edge is subdivided

Now, we will examine the Hosoya polynomial
of this family.

d(G,1) =|E(G)|=n+4 (3.15.1)
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first

sentence of the Hosoya polynomial is [n + 4]x.

n?+3n+2
2
There is 1, 2-edges path between V; and V.

d(G,2) = (3.15.2)

The number of 2-edges paths between u,v € V,
are 2 and between the vertices V; and V,, are

3n — 3. Between the vertices u, v € V; there are

2_3n+2
B Hence, the second sentence of the

- 243n+2
Hosoya polynomial is [n - ]x?

d(G,3)=n+1 (3.15.3)
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The total number of 3-edges paths between
u,v €V, to are n+ 1. Thus, the third and last

sentence of the Hosoya polynomial is [n + 1]x3.
Thus, the Hosoya polynomial of this family is,

H(G,x) =N+ 4)x

n?+3n+2
2

+ (n+ 1x3

X2 (3.15.4)

According to the steps executed in Theorem 3.1,
the following are the Wiener and hyper Wiener

Index of this family,

W@G)=n?+7n+7 (3.15.5)
3n% +23n+22
WW(G) = > (3.15.6)

This completes the proof. For example, for
n = 4, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(G,x) = 8x + 15x% + 15x3
W(G) = 51
WW(G) = 81

Theorem 3.16: The Hosoya polynomial of the
Book graph K; , X K, Vn > 1is

H(Kyn X K3, x) = (3n 4 Dx + (n? + n)x?

+ (n? —n)x3
The Wiener Index is
W(Kyn X Ky) =5n%+2n+1

The hyper Wiener Index is

WW (Ky X K;) =9n% + 1

Proof:

It is clear from the figure of the Book graph, that
there are 2n vertices of degree 2 and 2 vertices
of degree n + 1. Thus, there are 2n + 2 vertices
in the graph. Observance shows that there are
3n + 1 number of edges. Now, we will examine
the Hosoya polynomial for this particular family

of graph.

Figure 16: Book graph K; 4, X K,

Now, we will calculate the Hosoya polynomial
of the Book graph. Here G = K; , X K.

d(G,1) =|E(G)| =3n+1 (3.16.1)
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [3n +
1]x.

d(G,2)=n?’+n (3.16.2)
There are 2n, 2-edges path between V., and
V,. The number of 2-edges paths between
u,vE€V, are n?-—n. Hence, the second
sentence of the Hosoya polynomial is [n? +

n]x2.

d(G,3) =n?>—-n (3.16.3)
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The total number of 3-edges paths between
u,v € V, to are n? — n. Thus, the third and last

sentence of the Hosoya polynomial is [n? —

n]x3.

The determined Hosoya polynomial is,

H(Kyy X Kz, x) = 3n+ 1x (3.16.4)
+ (n? + n)x? + (n?
—n)x3
The Wiener and hyper Wiener Index of this

family are as following,

W(Kyn X K;) =502 +2n+1 (3.16.5)
WW (Kyy X K;) =9n% + 1 (3.16.6)
This completes the proof. For example, for
n = 4, we have the following calculated Hosoya
polynomial, Wiener and hyper Wiener index:

H(Ky4 X Ky,x) = 13x + 20x2 + 12x3
W (K4 X K,) =89
WW (K4 X K;) = 145

Theorem 3.17: The Hosoya polynomial of the

Diamond graph Vn = 3 is
H(G,x) = (5n — 2)x + 2nx? + (4n — 9)x3
The Wiener Index is
W(G) =21n—-29
The hyper Wiener Index is

WW (G) = 35n — 56

Proof:

One can see from the figure and definition from
(Ahmad & Ghemeci, 2017) that there are 4
vertices of degree 3, 2n — 4 vertices of degree 4
and 2 vertices of degree n. This constitutes to
the the total number of vertices which are
2n 4+ 2 in number. The total number of edges
are 5n—2. In order to get the Hosoya
polynomial of the graph, we will proceed as

follows:

A
SN

-

Figure 17: Diamond graph, n = 4

d(G,1) = |E(G)| =5n—2 (3.17.1)
The total number of 1-edges paths are equal to
the total number of edges. Thus, the first
sentence of the Hosoya polynomial is [5n —
2]x.

d(G,2) =2n (3.17.2)
The number of 2-edges paths between the
vertices u,ve€V; and u,veV, are 2 and
2n — 6. From the vertices of V5 to V,,, from V, to
V, and from V5 to V,, the number of 2-edges
paths are 4,2n —4 and 4. Hence, the second

sentence of the Hosoya polynomial is [2n]x2.
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d(G,3) =4n—9 (3.17.3)
From the vertices of V, to V5 or vice versa, the
number of 3-edges paths 4n — 12 . Between the
vertices u,v € V,, and u,v € V3, the number of
3-edges paths are 1 and 2. Thus, the third and
last sentence of the Hosoya polynomial is
[4n — 9]x3.

Thus, the Hosoya polynomial of this family is,

H(G,x) = (5n—2)x + 2nx?+ (4n (3.17.4)
—9)x3
Moreover, the Wiener and hyper Wiener Index

of this family are,

W(G) =21n—29 (3.17.5)

WW(G) = 35n — 56 (3.16.6)

This completes the proof. For example, for
n = 4, we have the following calculated Hosoya

polynomial, Wiener and hyper Wiener index:
H(G,x) = 18x + 8x2% + 7x3
W(G) = 55
WW(G) = 84

Theorem 3.18: The Hosoya polynomial of the
graph obtained by attaching the complete graph
K,,¥Vn > 3 with a single vertex of the Wheel
graph W,,,vym > 4 is

m?—-3m+6n-=6
2
+ (n—1)(m—-3)x3

x2

The Wiener Index is

2

n ) n
W(G)=7+m —7—4m+3nm+3

The hyper Wiener Index is

WW (G)

_n?+3m? —19n—17m + 12nm + 18
B 2

Proof:

From the figure, one can note that there are
m — 1 vertices of degree 3, n —1 vertices of
degree n — 1, 1 vertex of degree m and 1 vertex
of degree n+ 2. Thus, according to this
partitioning there are total n + m vertices in this

family of graphs. By observing, we come to a

. 2-n+4
conclusion that there are ———-"

edges. Now,

we will compute the Hosoya polynomial.

Figure 18: K attached with a single vertex of
the Wheel graph Wy
n®—n+4m

d(6,1) = |E@)| =———— (3.181)

The total number of 1-edges paths are equal to
the total number of edges. Thus, the first

sentence of the Hosoya polynomial is

n?-n+4m
T X.
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2 _ —
(G, 2) = m 3m2+ 6n—=6 (3.18.2)

There are 2n — 2, 2-edges paths from V,,_; to

V3, n—1fromV,_, toV,, and m — 3 from V5 to

Vy42. The number of 2-edges paths between the

m?-5m+6

vertices of V5 are Hence, the second

sentence of the Hosoya polynomial is
[m2—3rr21+6n—6]x2.

d(G,3)=(n—-1)(m-3) (3.18.3)
From the vertices of V,,_; to V5 or vice versa, the
number of 3-edges paths (n — 1)(m — 3). Thus,
the third and last sentence of the Hosoya

polynomial is [(n — 1)(m — 3)]x3.

Hence, the analyzed Hosoya polynomial of this

family is,

H(G,x)

n®> —n+4m
-T2

(3.18.4)
m?—-3m+6n-6 5
X
2

+(n—1)(m—-3)x3
According to the steps performed in Theorem
3.1, the following are the Wiener and hyper
Wiener Index of this family,

n? n
W(G)=—+m?———4m+3nm (3185

2 2
+ 3 )
ww(G) (3.18.6
_n2+3m2—19n—17m+12nm+ )
B 2

This completes the proof. For example, for

n =5,m =5, we have the following calculated

Hosoya polynomial, Wiener and hyper Wiener

index:
H(G,x) = 20x + 17x% + 8x3
W(G) =78
WW(G) = 119
4. Discussion

In this paper, we have determined the Hosoya
polynomial, Wiener and hyper Wiener Index of
some families of Graphs of Diameter 3.
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